A COUNTEREXAMPLE TO THE NON-SEPARABLE VERSION
OF ROSENTHAL’S 4-THEOREM

COSTAS POULICS

The tollowing theorem is due to H. P. Rosenthal [6] and it provides a fundamental
criterion for the embedding of £, in Banach spaces.

Theorem 1 (Rosenthal’s £;-theorem). Let (:,) be a bounded sequence in the Ba-
nach space X and suppose that (z,) has no weokly Cauchy subsequence. Then (x,,)
must contain a subsequence which is equivalent to the usual £1-basis.

First of all, we recall that the sequence (z,,) is called weakly Cauchy if for each
continuous functional f € X~ the scalar sequence (fz,) is Cauchy. We also say
that the sequence (x,) is equivalent to the usnal ¢-basis if there are constants
A, B > 0 such that for any n € N and any scalars a1, as,. .., an,
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The above condition guarantees that the linear map 7" : ¢, — span{z,, | n € N},
defined by T'e, = z,, for any n € N, is an isomorphism and therefore the space #;
embeds in X.

A satisfactory extension of Theorem 1 to spaces of the type #1(k), for s an
uncountable cardinal, would be desirable, since it would provide a useful criterion
for the embedding of Z;(x) in Banach spaces. Consequently, R. Haydon [4] posed
the following problem: Let x be an uncountable cardinal. Suppose that X is a
Banach space and A is a bounded subset of X with card(A) = &, such that A
does not contain any weakly Cauchy sequence. Can we deduce that A has a subset
equivalent to the usual basis of #;(#)?

Before posing the question:, Haydon [3] exhibited a counterexample for the case
where the cardinal x is equal to w;. A completely different counterexample, for
the case of wy, was also obtained by J. Hagler [2]. Finally, a complete sclution to
this problem was given by C. Gryllakis [1] who proved that the answer is always
negative with only one exception, namely when s and cf(x) are both strong limit
cardinals. However, Gryllakis’ proof is quite difficult and, unlike the case of wy,
does not construct any specific counterexample.

In what follows, our aim is to present a counterexample to the non-separable
version of Rosenthal’s £;-theorem and to give a complete answer to Haydon’s prob-
lem. More precisely, for any uncountable cardinal x, we construct a non-separable
analogue of the Hagler Tree space (see [2]). In the case where either x or cf(x)
is not a strong limit cardinal, using the aforementioned construction, we obtain a
Banach space X and a bounded subset A of X with card(A) = x such that (1) A
contains no weakly Cauchy sequence and (2) no subset of A is equivalent to the
usual #;(x)-basis. In the case where & and cf(x) are both strong limit cardinals,
the answer to Haydon’s problem is positive (see [1]).
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2 COSTAS POULIOS

In the following we fix an ‘nfinite cardinal x and we set
{0,1}% = {a H{e <k} = {0,1}}
= {(a£)£<m | ag =0or l}

D = {0,1}* = [ J{{0,1)" | Ord(n),n <

= {(ag),g(,] {7 is an ordinal number, 1 < &, az = 0 or 1 ]f
A ’

The set D is called the standard tree and its elements are called nodes. The elemens

of the set {0, 1}* are called branches.

If 5 is a node and s € {0,1}"” we say that s is on the 7-th level of D and we
“denote the level of s by lev(s). The initial segment partial ordering, denoted by <,
is defined as follows: if s = (a¢)ecr, and s' = (be)ecy, belong to D then s < s if
and only if 7, <13 and ag = be for any £ < .

A linearly ordered subset Z of [ is called a segment il for every s < ¢ < ', ¢
belongs to 7 provided that s, s’ belong to Z. Consider now a non-empty segment 7
and let »; be the least ordinal number such that there is a node s with lev(s) =
and s € Z. Moreover, suppose that there are an ordinal number 5 and a node s’ on
the 9-th level such that s < s’ for any s € Z. Let )2 be the least ordinal satisfying
this property. Then we say that 7 is an 7 -ije segrnent.

A finite fanily {Z;}7_, of segments is called admissible if the following properties
are satisfied

(1) there exist ordinals 1), < 9, such that each Z; is an 1,-7» segment,
(2) Z, N I; = 0 provided that : # ;.
- We next consider the vector space coq(D) of finitely supported functions z : D —
R. For a segment T of D, we set Z*(z) = > ., x(s). Then, for any & € cyo(D) we
define the norm

L 1/2
el = sup [ 3 173 ()]
Jj=1
where the supremum is taken over all admissible families {Z;}]_, of segments. We
set X, the completion of ¢po(P) under this norm.
Now let B = (a¢)c<x be any branch. Then 3 can be naturally identified with a
maximal segment of D, namely

BZ{SQ<51<...<Sn<---}

where sp = 0 and s, = (ag)ecy. For any function = € ¢po(D) we have already
defined B*(z) = 3 g a(s). Clearly, B* : coo(DP) — R is a linear functional of
norm 1. This functional can be extended to a bounded functional on X, which is
denoted again by B*. Let I' be the set which conlains the functionals B* defined
above. Clearly, I' is a bounded subset of X} with card(I") = 2%

Concerning the space X; and the family of functionals I, we prove ithe following
theorems.

Theorem 2. Any sequence (B} )pen in I has a subsequence equivalent to the usual
£y-basis. Therefore, T' contains no weakly Cauchy sequence.

Theorem 3. No subset of I' is equivalent to the usual basis of £1(x7).
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Now let « be a cardinal number, which is not strong limit. This means that
there exists cardinal A < & such that x < 2*. Consider the space X, and the
corresponding family I' € X3. Then we have card(l')) = 2* and hence we can
choose a subset A of T with card(4) = x. By Theorem 2, the set A contains no
weakly Cauchy sequence. Murthermore, by Theorem 3, no subset of A is equivalent
to the usual £;(x)-basis.

Moreover, in the case where k is strong limit and cf(k) is not a strong limit
cardinal, using our construction, we obtain a Banach space X and a subset A of X
with the desired properties.

Finally, the main properties of the spaces Hagler Tree [2] and James Tree [5], by
which our construction is inspired, suggest the following conjecture for the spaces

K
Conjecture. The space X, does not contain a subspace isomorphic to €1 (k).

Concerning the above conjecture, a partial resuit can be proved rather easily.
For any node s € D, let e, € X,. be defined by e (t) = 1if t = 5 and e,(t) =0
otherwise. Now consider any branch B and the subspace 5pan{e; | s € B}. Then
this subspace contains no isomorphic copy of £; (i).
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